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A POLYMER IN A MULTI-INTERFACE MEDIUM 

By Francesco Caravenna and Nicolas Petrelis 

University of Padova and EURANDOM 

We consider a model for a polymer chain interacting with a se- 
quence of equispaced flat interfaces through a pinning potential. The 
intensity <5 € R of the pinning interaction is constant, while the in- 
terface spacing T — Tjv is allowed to vary with the size N of the 
polymer. Our main result is the explicit determination of the scaling 
behavior of the model in the large N limit, as a function of (Tn)n 
and for fixed S > 0. In particular, we show that a transition occurs at 
Tn = 0(log N). Our approach is based on renewal theory. 

1. Introduction and main results. 

1.1. The model. In this paper, we study a (1 + l)-dimensional model for 
a polymer chain dipped in a medium constituted by infinitely many hori- 
zontal interfaces. The possible configurations of the polymer are modeled by 
the trajectories {(i, Si)}j>o of the simple symmetric random walk on Z, with 
law denoted by P, that is, So = and (Si — Si_i)j>i is an i.i.d. sequence 
of Bernoulli trials satisfying P(5i = ±1) = 1/2. We assume that the inter- 
faces are equispaced, that is, at the same distance T E 2N from each other 
(note that T is assumed to be even for notational convenience, due to the 
periodicity of the simple random walk) . 

The interaction between the polymer and the medium is described by the 
following Hamiltonian: 

N N 

(1.1) H N,s( S ) : = 6 J2 1 {S I eTZ} =dJ2J2 1 {S I =kT}> 

i=l keZi=l 

where iV G N is the size of the polymer and 5 G M. is the intensity of the 
energetic reward (if 5 > 0) or penalty (if 5 < 0) that the polymer receives 



Received December 2007. 

AMS 2000 subject classifications. 60K35, 60F05, 82B41. 

Key words and phrases. Localization/delocalization transition, pinning model, polymer 
model, random walk, renewal theory. 

This is an electronic reprint of the original article published by the 
Institute of Mathematical Statistics in The Annals of Applied Probability, 
2009, Vol. 19, No. 5, 1803-1839. This reprint differs from the original in 
pagination and typographic detail. 



1 



2 



F. CARAVENNA AND N. PETRELIS 



T 

T 




Fig. 1. A typical path of the polymer measure P^r $ with N = 158 and T — 16. The 
circles represent the points where the polymer touches the interfaces, which are favored 
(resp., disfavored) when S > (resp., S < 0). 



when touching the interfaces. More precisely, the model is defined by the 
following probability law Pjy s on M NLJ {°} : 

, 10 , dP^ expj^OS)) 

where Zj^ s = E(exp(f/^ ${S))) is the normalizing constant, called the par- 
tition function. 

It should be clear that the effect of the Hamiltonian Hj^ s is to favor or 
penalize, according to the sign of <5, the trajectories {(n, S n )} n that have 
large numbers of intersections with the interfaces, located at heights TZ 
(we refer to Figure 1 for a graphical description). Although we present a 
number of results in this work that do not depend on the sign of 5, we stress 
that, hereafter, our main concern is with the case 5 > 0. 

If we let T — > oo in (1.2) for fixed N (in fact, it suffices to take T > N), 
we obtain a well-defined limiting model g : 



dP^ _ exp(ff^ (S)) 



(1.3) -ag*(S)== Voo » where i7^(S):=^l {s < =0} . 

J N,S t=l 



P 1 ^ s is known in the literature as a homogeneous pinning model and it 
describes a polymer chain interacting with a single flat interface, namely the 
x-axis. This model, together with several variants (such as the wetting model, 
where {S n } n is also constrained to stay nonnegative) , has been studied in 
depth, first in the physical literature (see [11] and references therein) and, 
more recently, in the mathematical literature [4, 9, 12, 13]. In particular, it 
is well known that a phase transition between a delocalized regime and a 
localized one occurs as 5 varies and this transition can be characterized in 
terms of the path properties of P^. 
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The aim of this paper is to answer the same kinds of questions for the 

rp 

model Pjv5, as a function of 5 and of the interface spacing T = T\r, which 
is allowed to vary with N. We denote the full sequence by T := (Tjv)jveN 
(taking values in 2N) and, with no essential loss of generality (one could 
focus on subsequences), we assume that T has a limit as TV — > oo: 

(1.4) 3 lim T JV =:T 00 e2NU{+oo}. 

TV^oo 

[Of course, if < oo, then the sequence (T/v)jv must eventually take the 
constant value Too.] For notational convenience, we also assume that T\r < 
N: again, there is no real loss of generality since, for Tjy > N , the law PjJ* 
reduces to the just-mentioned P^ 5 . 

Before precisely stating the results we obtain in this paper, let us briefly 
describe the motivations behind our model and its context. Several models 
for a polymer interacting with a single linear interface have been investigated 
in the past twenty years, both in the physical and in the mathematical 
literature (see [11] and [12] for two excellent surveys). Probably the two 
most popular classes among them are the so-called copolymer at a selective 
interface separating two selective solvents and the pinning of a polymer at 
an interface, of which the homogeneous pinning model P^ s is the simplest 
and most basic example. Although some questions still remain open, notably 
when disorder is present, important progress has been made and there is now 
a fairly good understanding of the mechanism leading to phase transitions 
for these models. 

More recently, some generalizations have been introduced to account for 
interactions taking place on structures more general than a single linear in- 
terface. In the copolymer class, we mention [6, 7] and [17], where the medium 
is constituted by an emulsion, and, especially, [8], where the single linear in- 
terface is replaced by infinitely many equispaced flat interfaces, separating 
alternate layers of each selective solvent. Our model P^ s provides a closely 
analogous generalization in the pinning class, with the important differ- 
ence that the model considered in [8] is disordered. In a sense, what we 
consider is the simplest case of a pinning model interacting with infinitely 
many interfaces. In analogy with the single interface case [12], we believe 
that understanding this basic example in detail is the first step toward a 
comprehension of the more sophisticated disordered case. 

Let us briefly describe the results obtained in [8]. The authors focus on 
the case where the interface spacing Tjy diverges as N — > oo and they show 
that the free energy of the model is the same as in the case of one sin- 
gle linear interface. Then, under stronger assumption on (Tjv)jv> namely 
TV / log log N — > oo and Tn / log N — > 0, they show that the polymer visits 
infinitely many different interfaces and the asymptotic behavior of the time 
needed to hop from an interface to a neighboring behaves like e cTN . 
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In this paper, we consider analogous questions for our model P^s- In 
our nondisordered setting, we obtain stronger results: in particular, we are 
able to precisely describe the path behavior of the polymer in the large iV 
limit for an arbitrary sequence T = (Tjv)jv and for 5 > (i.e., we focus on 
the case of attractive interfaces). In fact, there is a subtle interplay between 
the pinning reward 5 and the speed T/v at which the interfaces depart, 
which is responsible for the scaling behavior of the polymer. It turns out 
that there are three different regimes, determined by comparing T/v with 
°f , where eg > is computed explicitly. We refer to Theorem 2 and to 
the following discussion for a detailed explanation of our results. Let us just 
mention that, as T/v increases from O(l) to the critical speed ° sN , the 

scaling constants of Sn decrease smoothly from the diffusive behavior y/N 
to log N, while if Tjy 3> ^f — , then Sn = 0(1). This means, on the one hand, 
that by accelerating the growth of the interface spacing, the scaling of Sn 
decreases and, on the other hand, that scaling behaviors for Sn intermediate 
between 0(1) and logiV (such as, e.g., log log N) are not possible in our 
model. We also stress that our model is subdiffusive as soon as Tjy — > oo. 
Subdiffusive behaviors appear in a variety of models dealing with random 
walks subject to some form of penalization: from the (very rich) literature, 
we mention, for instance, [1] and [15] on the mathematical side and [16] on 
the physical side. 

Our approach is mainly based on renewal theory. The use of these kinds 
of techniques in the field of polymer models has proven to be extremely 
successful, starting from [4] and [9], and, more recently, has been generalized 
to cover Markovian settings; see [2] and [5]. The key point is to get sharp 
estimates on suitable renewal functions. 

The same approach can be applied to deal with the depinning case 5 < 0, 
that is, when touching an interface entails a penalty rather than a reward. 
However, in this case, the limiting model $ is delocalized and this fact 
generates additional nontrivial difficulties. For this reason, the analysis of 
the 5 < case is given in a separate paper [3], where we show that there 
are remarkable differences with respect to the 5 > case that we consider 
here. In particular, the critical speed of T/v above which the polymer gives 
up visiting infinitely many different interfaces is no longer of order logiV, 
but rather of order iV 1//3 (see Theorem 1 in [3] for a precise statement). 



1.2. The free energy. The standard way of studying the effect of the 
interaction (1.1) for large N is to look at the free energy of the model, 
defined as the limit 

(1.5) 4>{5, T) := Jim <f> N (6,T), where (f> N (6,T) := i-logZ^. 
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The existence of such a limit, for any choice of 5 £ M and T satisfying (1.4), 
is proved in Section 2. To understand why one should look at <f>, we introduce 
the random variable 

N N 
( L6 ) L N,T :=X! 1 {5 , i eTZ} = J2Yj 1 {S l =kT} 

i=i fceZi=i 
and observe that an easy computation yields 

|fc( t T)^- P ;,(^)>a 

In particular, 0jv(5, T) is a convex function of 5 for every Af£N. Hence, 
0(5, T) is also convex and, by elementary convex analysis, it follows that 
provide <j>{5, T) is differentiable, 

Thus, the first derivative of <ft(5, T) gives the asymptotic proportion of time 
spent by the polymer on the interfaces, which explains the reason for looking 
at 4>{5, T). In fact, a basic problem is the determination of the set of values 
of 5 (if any) where <f){5, T) is not analytic, which correspond physically to 
the occurrence of a phase transition in the system. 

This issue is addressed by our first result, which provides an explicit for- 
mula for 4>(5, T). Let us introduce, for T G 2NU {+oo}, the random variable 
t[ defined by 

(1.8) r 1 T :=inf{n>0:5 n G{-T,0,+T}} 

and denote by Qt(A) its Laplace transform under the simple random walk 
law P: 

oo 

(1.9) Q T {\) := E(e- A ^ T ) = £ e^P^f = n). 

n=l 

When T = +oo, the variable is nothing but the first return time of the 
simple random walk to zero and it is well known that Qoo (A) = +oo for A < 0, 
while Qoo (A) = 1 - Vl - e~ 2A for A > 0; see [10]. We point out that Q T {\) 
can also be given a closed explicit expression for finite T; see Appendix A 
and, in particular, equation (A. 4). Here, it is important to stress that for 
T < oo, the function Qt(A) is analytic and decreasing on (A^,+oo), where 
A^ < [see equation (A. 6)], and Qt(A) — > +oo as A j Aq, while Qt(A) — > 
as A — > oo. In particular, when T < oo, the inverse function (Qt)~ 1 (~) is 
(analytic and) defined on the whole of (0,oo), while (Qoo) _1 ( - ) is (analytic 
and) defined only on (0,1]. 
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Theorem 1. Defining = limjv^oo Tjv, the free energy 4>(5, T) = 0(5, 
Too) depends only on 5 and T^, and is given by 



(1.10) 0(5, Too) 



(QrJ- 1 (e-' 5 ), i/Too<+oo, 
(Qoo) _1 (e"*Al), i/Too = +oo. 



It follows that for Too < +oo, i/ie function 5 \— > 4>(5,T) is analytic on the 
whole real line, while for = +oo, it is analytic everywhere except at 5 = 0. 

So, there are no phase transitions in our model, except in the Tx) = +oo 
case, where (f>(8, oo) is not analytic at 5 = 0. This fact is well known because 
cj>(5, oo) is nothing but the free energy of the classical homogeneous pinning 
model s ; see [12]. In fact, the explicit formula for Qoo{-) mentioned above 
yields 



(1.11) 0(5, oo) = I - - log V2 - e~ s ) 1 {5 > 0} . 

Also, in the case where T^ < oo, some general properties of (j)(5,T 00 ) can 
be easily derived from Theorem 1, for instance, that J^(/>(<5, T) — > as 5 — > 
— oo, while -§fi<j)(5, T) — > | as 5 — > +oo, both of which have clear physical 
interpretations, thanks to (1.7). 

The proof of Theorem 1 is given in Section 2, using renewal theory ideas. 
Besides identifying the free energy, we introduce a slightly modified version 
of the polymer measure s which can be given an explicit renewal theory 
interpretation. This provides a key tool for studying the path behavior (see 
below). 

One consequence of Theorem 1 is that any T such that Txd = oo yields 
the same free energy 4>(5, T) = <j){5, oo) as the classical homogeneous pinning 

rp 

model. However, we are going to see that the actual path behavior of P^ 
as N — > oo depends strongly on the speed at which Tv — > oo, a phenomenon 
which is not captured by the free energy. 

1.3. The scaling behavior. Henceforth, we focus on the case 5 > 0. We 
assume that T = (T/v)jveN has been chosen such that Tv — ► oo as N — > oo. 
Then, the free energy (p(5,T) = cj)(5, oo) is that of the homogeneous pinning 
model: in particular, (p(S, T) > for every 5 > 0. Since (f>{5, T) = for 5 < 0, 
by convexity and by formula (1.7), it follows that for 5 > 0, the typical paths 
of Ply 5 touch the interfaces for large N a positive fraction of time and it is 
customary to say that we are in a localized regime. 

We now investigate more closely the path properties of P^- A natural 
question is: does the polymer visit infinitely many different interfaces or 
does it limit itself to a finite number of them? And, more precisely: what is 
the scaling behavior of SV under P^ as iV — > oo? 
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The answer turns out to depend on the speed at which T/v — > oo. Let cs 
be the positive constant defined as 



(1.12) c s := (f>(5, oo) + log(l + \/ 1 - e" 2 ^ 5 - 00 )) = - + log y/2-e~ s , 

where the right-hand side of (1.12) is obtained with the help of (1.11). Then, 
the behavior of the sequence Tv — — log N determines the scaling properties 
of the polymer measure. More precisely, we have the following result, where 
==>- denotes convergence in law and Af(0, 1) the standard normal distribu- 
tion. 

Theorem 2. Let 5 > and T = (T/v)jveN such that Tjv — ► oo as N —* 
oo. 

(i) If T/v — — ► — oo as N — > oo, then, under P^, as N — > oo, 
(1-13) ^ p^Ml), 



where C s := \/2e s ^(6,oo)y/l-e- 2 ^ s ^ = (1 - e~ 5 )^J is an ex- 
plicit positive constant. 
(ii) // i/iere exists C, £ M suc/i i/iaf Tjy/ — °| — ► £ along a subsequence N' , 

then, under ~P as N' — > oo, 

(1-14) ^^^r, 

where T is a random variable independent of the {Si}i>o and with 
a Poisson law of parameter tg£ := 2e s \/l — e _2 ^( <5 '°° V(<5, oo) • e~ c,5< > = 



2-e 

logjV 



(iii) // T/v — — ► +oo as N — > oo, i/ien £/ie family of laws of {SViiVeN 



under Ppfs is tight, that is, 



(1.15) lim supP^ v (5 (|S/v|>T) = 0. 

L^ootvsN 

Remark 1. It may appear strange that, in point (ii), we have required 
that T/v — — ► C onr y along a subsequence N'; however, this is simply 
because T/v takes integer values and therefore the full sequence T/v — -^f— 
cannot have a finite limit. In general, equation (1.14) implies that Sn/Tn 
is tight when the full sequence |T/v — °f N \ is bounded. 
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The proof of Theorem 2 is distributed across Sections 3, 4 and 5. The cru- 
cial idea, described in Section 3.1, is to exploit the renewal theory description 
given in Section 2. Let us stress the intuitive content of this result. We set 
Ajv := T/v — lo ^^ and anticipate that e~ Cs ^ N is the number of jumps made 
by the polymer of length N between nearest neighbors interfaces. With this 
in mind, we can provide some more insight into Theorem 2. 

• If Atv — ► — oo, then the interfaces are departing slowly enough that it is 
worthwhile for the polymer to visit infinitely many of them. Of course, 
this is also true when Tv = T < oo for all N G N. This situation is not 
included in Theorem 2 for notational convenience, but a straightforward 
adaptation of our proof shows that, in this case, Sn/(CtVN) =>• A/"(0, 1) 
for a suitable Ct satisfying Ct ~ Cse~ CsT ^ 2 T as T — > oo, thus according 
perfectly with (1.13). 

We note that, independently of (Tn)n (such that An — ► — oo), the 
limit law of Sn, properly rescaled, is always the standard normal distri- 
bution. However, the scaling constants (e _c,5Tjv ' 2 Tn)\^N do depend on 
the sequence (Tv)at and, in particular, they are subdiffusive as soon as 
T/v — ► oo. Also, note that, by varying T/v from O(l) to the critical case 
tgi^AQ +0(1), the scaling constants decrease smoothly from y/N to log N. 

• If Aat = 0(1), then we are in the critical case where the polymer visits 
a finite number of different interfaces and therefore the scaling behavior 
of Sn is the same as T/v, that is, Sn ~ logiV. The explicit form Sr of 
the scaling distribution has the following interpretation: the number V of 
different interfaces visited by the polymer is distributed according to a 
Poisson law and, conditionally on T, the polymer just performs V steps of 
a simple symmetric random walk on the interfaces. 

• If A/v — ► +oo, then the only interface visited by the polymer is the x- 
axis. The other interfaces are indeed too distant from the origin to be 
convenient for the polymer to visit. Therefore, the model Pj^x becomes 
essentially the same as the classical homogeneous pinning model 
where only the interface located at S = is present. Since 5 > 0, we are in 
the localized regime for P^ and it is well known that Sn = 0(1). One 
could also determine the limit distribution of Sn, but we omit this for the 
sake of conciseness. 

As already mentioned, the study of the path behavior in the delocalized 
regime 5 < turns out to be rather different, both from a technical and a 
physical viewpoint, and will therefore be carried out in a future work. 

2. A renewal theory path to the free energy. This section is devoted 
to proving Theorem 1. We also provide a renewal theory description for a 
slight modification of the polymer measure P^^, which is the key tool in 
the following sections. 
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2.1. A slight modification. We consider 5 G R and T € 2N U {oo}. It is 
convenient to introduce the constrained partition function Z N '° S , where only 
the trajectories that are pinned at an interface at their right extremity 
are taken into account, that is, 

(2-1) Z%° : = E(exp(^(5))l {5jveTZ} ). 

In order for the restriction on {SV G TZ} to be nontrivial, we work with 
zjj c s only for even N. This is the usual parity issue connected with the 
periodicity of the simple random walk: in fact, P(5jv G TZ) = if TV" is odd 
(we recall that T was assumed to be even). 

T c 

The reason for introducing ZJ s is that it is easier to handle than the 
original partition function and, at the same time, it is not too different, as 
the following lemma shows. 

Lemma 3. The following relation holds for all N G N, 6 G M, T G 2N: 



( 2 - 2 ) < Z h < >J(N + l)Z^ s . 



Proof. If N is even, then 2[N/2\ = N and the lower bound in (2.2) 

lows trivially f 
N — 1 and since 



follows trivially from the definition (2.1) of Z^ c s . If N is odd, then 2\_N/2\ 



H% tS (S)>H%_ hS (S)-\S\, 

the lower bound in (2.2) is proved in full generality. 

To prove the upper bound, we observe that by the definition (2.1), 

N 

Z 2N,S^ B ( ex P( H 2N,8( S )) 1 {S2N=0}) = J2 E ( ex P( H 2N,s( S )) 1 {SN=k} 1 {S 2N =0}) 

k=-N 



and, from the Markov property and the time-symmetry i i— > N — i, we have 

N 

Z 2N,8> E [E(exp(^ 5 (5))l {5jv=fc} )] 2 . 

k=-N 

Since P(Sn = k) > if and only if N and k have the same parity, there are 
only iV + 1 nonzero terms in the sum and, applying Jensen's inequality, we 
get 

N "|2 

£ B(exp(Hl 5 (S))l {SN=k} ) 



7 T,c > 

AT X ^_ 



J2N > 5 ~ N + l 



1 



N + l 



[zU 2 - 



Lk=-N J 
Therefore, the upper bound in (2.2) is proved and the proof is complete. □ 
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As a direct consequence of Lemma 3, we observe that to prove the exis- 
tence of the free energy, that is, of the limit in (1.5), we can safely replace the 
original partition function Zjf & by the constrained one Z N N ^ C , restricting N 
to the even numbers. The next paragraphs are devoted to obtaining a more 
explicit expression for Z N ,C S . 

2.2. The link with renewal theory. We start with some definitions. For 
T G 2N U {oo}, we set r J = and for j G N, 

q St 

(2.3) tJ :=mi{i>rf_ 1 + l:S i eTZ} and ej := Tj - Tj ' 1 , 

where, for T = oo, we agree that TZ = {0}. Note that tJ gives the jth 
epoch at which S touches an interface, while ej tells us whether the jth. 
interface touched is the same as the (j - l)th (ej = 0), or is the interface 
above (ej = 1) or below (ej = — 1). Under the law P of the simple random 
walk, we define, for j = {0, ±1}, n G N and AgR, the quantities 

oo 

(2.4) q i r (n):=P(rj = n,ej = j) and Q J T (X) := ^ e~ Xn q 3 T (n). 

n=l 

Of course, Q 3 T (X) may be (in fact, is) infinite for A negative and large, and, 
clearly, q£(n) = for n > 1 and Q^(X) = for A > 0. Note that q^ 1 = q\ 
and Q7p l = Qj,, so we can focus only on q^, Q ] T for j G {0, 1}. We also set 

q T (n):= £ q> T {n) = $ (n) + 2q^(n) = P(t? = n), 
j=o,±i 

(2.5) 

Qt(X)-= E QW = QtW + 'ZQ 1 t(X) = V(^ XtI )- 

j=0,±l 

Next, we introduce 

(2.6) H:={Kx 2N} U {IR + x {+oo}} 

and, for (5,T) G Tt, we define the quantity \$ t T by the equation 

(2.7) Q T (\s,T) = e~ 5 . 

As will be shown in Appendix A, for T < oo, the function Qt(-) is ana- 
lytic and decreasing on (A^+oo), with A^ = —\\og(l + (tan ^) 2 ) < 0, and 
such that Qt(^) +°o as A j. Aq and Qt(A) — ► as A — > +oo. In particu- 
lar, equation (2.7) has exactly one solution for every 5 G M, so A^t is well 
defined. For T = oo, Qt(-) is analytic and decreasing on [0, oo), Qt(0) = 1 
and Qt(A) — > as A —> +oo, while Qt(A) = oo for A < 0. This implies that 
equation (2.7) has exactly one solution Xs )0 o for every 5 > and no solutions 
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for 5 < 0. In the next paragraph, we are going to show that when A^t exists, 
it is nothing but the free energy 4>(5,T) (in agreement with Theorem 1). 

We are finally ready to introduce, for (5, T) G TC, the basic law V$,t, under 
which the sequence of vectors £j)}i>i, taking values in N x {±1,0}, is 
i.i.d. with marginal law 

(2.8) V s , T ((Zi,ei) = (n,j)):=e 5 4 l (n)e- x ^ n , n G N, j G {±1,0}. 

Note that (2.7) ensures that this is indeed a probability law. We then set 
to = and r n = £i + • — h £ n for n > 1. We denote by r both the sequence of 
variables {r n } n >o and the corresponding random subset of N U {0} defined 
by t = Un>o{ r «} so that expressions like {N G r} make sense. Note that 
{T n }n>o under Vs,t is a classical renewal process because the increments 
{r n — r n _i} n >i = {£ n }n>i are i.i.d. positive random variables, with law 

(2.9) Vs,t{ti =n) :=e S q T (n)e~ Xs ' Tn , n G N. 

Because of the periodicity of the simple random walk, qr{n) = for all odd 
n G N and qT(n) > for all even n G N (we recall that we are only considering 
the case of even T). Therefore, the renewal process is periodic with period 2. 

We now have all of the ingredients needed to give an explicit expression for 
the partition function in terms of the jumps made by S between interfaces. 
This can be done for (5, T) G H and for Z 1 ^'^ [recall (2.1)], as follows. For 
k, n G N, k <n, we define the set 

S k , n := {t G (N U {0}) fe+1 : = t < h < ■ ■ ■ < t k = n}. 

Then, for A G M. and N even, we can write 

N k 

E E E U^di-tt-i) 

fc=l o-e{-i,o,i} fc tes k , N i=i 

N k 

^E E E U e ^T l (ti-ti-i)e- X{tl - tl ^- 

k=l crG{-l,0,l} fc t£S kiN 1=1 

Then, setting A = XgT and recalling (2.8), we can rewrite (2.10) as 
(2.11) Z^ s = e x ^- N V s , T (Ner). 

We stress that this equation retains a crucial importance in our approach. 
In fact, the behavior of Z^' c s is reduced to the asymptotic properties of the 
renewal process r. 

The next step is to lift relation (2.11) from the constrained partition 

T c 

function to the constrained polymer measure Pj^x, defined for even N as 

P T ^ S (-):=P T N 4-\S N GTZ). 



7 T,c 
J N,S 



(2.10) 



12 F. CARAVENNA AND N. PETRELIS 

Recalling the definition (1.6) of Ln,t, for (S, T) EH, k < N, t G 5fe,jv and 
a G {±l,0} fc , in analogy to (2.10), we can write 

p n C s( L N,t = k, (t? ,sf ) = {t i ,a i ),l<i<k) 



N,8 

(2.12) 



^jv'«5 Z=l 



Therefore, from (2.8) and (2.11), we obtain 

Pn C s( l n,t = k, {t? ,ef ) = (ti,<7i), 1 < % < k) 

(2.13) 

= V S ,t{L n = k, (n,£i) = (ti,ai), 1 < i < k\N G r), 
where Lat := sup{j > l:rj < N}, in analogy with (1.6). Thus, the process 
{{tJ , e[)}i>L N under P^ c s is distributed like {(rj, £i)}i>L N under the ex- 
plicit law V$ Ti conditioned on the event {N G r}. The crucial point is that 
{Ti}i under V$,t is a genuine renewal process. This fact is the key to the 
path results that we prove in the next section because we will show that the 
constrained law P^ is not too different from the original law P^ s . 

2.3. Proof of Theorem 1. Thanks to Lemma 3, to prove Theorem 1, 
it suffices to show that for every sequence {T^)n such that T\r — > as 
N — > oo , we have 



(2 - 14) ^oo^even N " 1 (Q T J^ S A 1), if = OO, 



where we recall that Qt{~) was introduced in (1.9). Recall, also, that for 
(S,T) G H, we have (Q T )~ l (e~ 5 ) = A«5,t [see (2.7)]. 

First, consider the case where < oo, that is, G N. The sequence 
(Tn)n then eventually takes the constant value T\r = T OQ and, thanks to 
(2.11) and (2.7), we can write 

(2-15) ^log<r = (QtJ-V 5 ) + ^ogVs, Too (N G r). 

It therefore remains to show that the last term in the right-hand side vanishes 
as N — > oo, N even, and we are done [as a byproduct, we also show that 
\s,Too coincides with the free energy (p(5, Too)]. We recall that the process 
t = {T n }n under Vs^Toa is a classical renewal process with step-mean 

(2.16) m(5,r oo ):=«f: 5iToo (ri)<+oo. 

The fact that m{5,T O0 ) < +oo is easily checked by (2.9) because, by con- 
struction, A^Too > A^°°; see (2.5), (2.7) and the following lines. Since the 
renewal process {{T n \ni'Ps,T 00 ) nas period 2, the renewal theorem yields 

(2-17) lim ?WiV€T)= 2 >0 

N-^oo,N even 77l(d, -too) 
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and, looking back to (2.15), we see that (2.14) is proved. 

Next, we consider the case where = +oo, that is, T/v — ► +oo as N — > 
oo. We can rewrite equation (2.15) as 

(2.18) ^log^r = (QT N rHe~ 5 ) + ±logVs,T N (N G r). 

We start by considering the first term in the right-hand side of (2.18), by 
proving the following lemma. 

LEMMA 4. For every 5 G R, 

(2.19) lim (Q T )- 1 (e^) = (Q 00 )- 1 (e^Al). 

Proof. To this end, we observe that as T — > oo, the variable rf, de- 
fined in (2.3), converges a.s. toward rf° := inf{z > 0:Si = 0}, that is, the 
first return to zero of the simple random walk. Accordingly, by dominated 
convergence (or by direct verification), Qt(A) converges as T — > oo, for ev- 
ery A G [0,+oo), toward Qoo(\) = 1 — \/T— e~ 2A . Since Qoo( - ) is strictly 
decreasing, it is easily checked that the inverse functions also converge, 
that is, for every y G (0,1], we have (Qt) -1 ^) — * (Qoo) _1 (y) as T — > oo 
so that (2.19) is checked for <5 > 0. On the other hand, when 5 < 0, we have 
\% < (QT) _1 (e _<5 ) < because, as we already mentioned, Qt(') is decreas- 
ing and Qt(A) — ► oo as A [ \q and Qt(0) = 1. Moreover, Aq vanishes as 
T — > oo [see (A. 6)] and, consequently, (Qr) _1 (e~ 5 ) — > as T — > oo. Hence, 
(2.19) also holds for 5 < 0. □ 



Using Lemma 4 and the fact that V$^t n {N G t) < 1, by (2.18), we obtain 

1 

N—*oo,N even 



limsup ^logZ^' c <(C? 00 )- 1 (e- 5 Al). 



Hence, to complete the proof of (2.14), it remains to show that for every 
(2.20) liminf 1 log zj~' c > (Q 00 )- 1 (e" 5 A 1). 

N—kx>,N even iv ' 



We start by considering the case where S < 0, hence (Q o)" 1 (e" <5 A 1) = 0. 
r e gi 
write 



We give a very rough lower bound on zj^ c , namely, for N even, we can 



Zj^' c > E(exp(if^(5 , ))l{s^T Jv z,vi<j<7V-i} 1 {5j V =o}) 



(2.21) 

= e S -q° T (N), 
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where we recall that $ N (N) = P(t± n = N; S N = 0) was defined in (2.4). (If 
N is odd, then the same formula holds, just replacing N by N — 1, and the 
following considerations are easily adapted.) So, we are left with showing 
that (N) does not decay exponentially fast as N — > oo: by the explicit 
formula (A. 7), we have 

?UA0>^cos^ 2 f^W(^y 



[JVV '~T N \T N J \T N J 

At this stage, by using the fact that sin 2 (x) ~ x 2 as x — > 0, we can assert 
that for N large enough, sin(7r/T/v) > 7r/(2T/v) and since, by assumption, 
Tjv < N, we obtain 

P 1 (^=N-1;S N - 1 = 0) > _^_ e (^2)logcos(VT J v) ) 

which, by (2.21), shows that (2.20) holds [note that the right-hand side of 
(2.20) is zero for 5<0]. 

Finally, we have to prove that equation (2.20) holds true for 5 > 0. By 
(2.18) and Lemma 4, it suffices to show that 

(2.22) liminf 1 logV s ,T N (N G r) = 0. 

N— >oo iv 

This is not straightforward because the law Vs,t n changes with N and there- 
fore some uniformity is needed. Let us be more precise: by the renewal 
theorem [see (2.17)], for fixed T, we have that, as n — > oo along the even 
numbers, 

Vs,r(n G r) 



m(5, T) ' 

where m(S,T) was introduced in (2.16). At the same time, as T — > oo, we 
have 

m(5,T) — >m(5, oo), 

as will be proven in Lemma 6 below. Since T/v — > oo as N — > oo, the last 
two equations suggest that for N large, Vs,T N (^ £ r ) should be close to 
2/m(5, oo). To show that this is indeed the case, we are going to apply The- 
orem 2 in [14], which is a uniform version of the renewal theorem. First, 
recall that, by Lemma 4, A^t - ► A,5 j00 >0 as T^oo, Te2N and, more- 
over, Xs t r > for every T £ 2N. Hence, there exist C\,Ci > such that 
Ci < -^ T < C2 for every T S 2N. We are ready to verify the following two 
conditions: 

(1) when 5 > is fixed and T varies in 2N, the family of renewal processes 
({T n }n,'Ps,T) restricted to the even numbers is uniformly aperiodic, in 
the sense of Definition 1 in [14], because Vs t T( T i = 2) = e & ' qT{'2)e~ 2Xs ' T > 
(e 5 /2) • e~ 2C2 > for all T £ 2N; 
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(2) when 5 > is fixed and T varies in 2N, the family of renewal processes 
({ T n}n> T^t) has uniformly summable tails, in the sense of Definition 2 
in [14], because 



7V(ri>t)<]Te-^ = T 
r=t 



e -Cii 
— e~ Cl 



We can therefore apply Theorem 2 in [14], which yields the following lemma. 
This implies (2.22) and the proof of Theorem 1 is thus complete. 

Lemma 5. Fix 5 > 0. Then, for every e > 0, there exist Nq € N such that 
for every T E 2N and for all N > No, ./V even, we have 



V S ,t(N £ r) 



<e. 



m(5, oo) 

Lemma 6. For all 5 > and fceN, 
(2.23) lim £ s ,T((n) k )=£ s ,oo((n) k ). 

T — >oo 

Proof. By Lemma 4, we know that for 5 > 0, we have — > \s :OC > 
as T — > oo, T £ 2N. Thus, by writing 



£ S ,T((n) k ) = e s ^Tn k qT (n)e 



n=l 



it suffices to apply the dominated convergence theorem [since qrin) < 1]. 
□ 

Remark 2. Now that we have proven that the free energy </>(<5, T) indeed 
equals the right-hand side of (2.14), we can restate Lemma 4 in the following 
way: 

(2.24) lim c/){5, T) = 0(<5, oo) V<5 G R. 

T — >oo 

Remark 3. For (5, T) € TL, we know that A^t = (f)(S,T). Consequently, 
we will use 4>(5, T) instead of A$ : t in what follows. 

3. Proof of Theorem 2(i). This section is devoted to the proof of part 
(i) of Theorem 2. We recall that 5 > is fixed and that Tjv — — log N — > — oo 
as N — > oo, where is defined in (1.12). 

We recall that (rf ,ef)i>i defined in (2.3) under represents the jump 
process of the polymer between the interfaces, whereas (rj,£j)j>i introduced 
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in (2.8) under the law Vs,t n represents an auxiliary renewal process. For 
N > 1 , we set 

N 

Y£ = ej and recall that 

(3.1) 

L JViT = sup{j>l:r ? T <iV}. 

Analogously, we set 

N 

(3.2) Yjv = and recall that Ln = sup{j > 1 : Tj < N}. 

i=l 

3.1. General strategy. Let us describe the strategy of our proof. The aim 
is to determine the asymptotic behavior of Sn under as N — > oo. The 
starting point is given by the following considerations: 

• by definition, we have Sn = T ■ YT + 0(T), hence the behavior of Sn 
can be recovered from that of Ljvt and {Y£ } n ; 

• it turns out that the free polymer measure P^ is not too different from 
the constrained one P^' c = P^j^lSV G T/yZ), which, in turn, is closely 
linked to the law Vs t T N introduced in Section 2.2; see, in particular, (2.13). 

For these reasons, the first part of the proof of Theorem 2 consists of de- 
termining the asymptotic behavior of {Y n }n and Ln under Vs,t n - This is 
carried out in Section 3.3 (Step 1) and Section 3.4 (Step 2) below, exploit- 
ing ideas and techniques from random walks and renewal theory. The second 
part of the proof is devoted to showing that the law Vs,t n can indeed be 
replaced by P^' c [see Section 3.5 (Step 3)] and, finally, by P^; see Section 
3.6 (Step 4). 

Let us give a closer (heuristic) look at the core of the proof. For fixed T, 
the process {Y n }n under Vst is just a symmetric random walk on Z with 
step law 

V s ,t{Yx =j)=Vs, T {ei =j) = e 5 Q^{<t>{8,T)), j e {±1,0}; 

see equations (2.8) and (2.4), (2.5). In particular, the central limit theorem 
yields 

(3.3) Y N » C T ^/N under V S)T as N -> oo, 

where Ct = ^2e s Q T ((f>(5,T)) is the standard deviation of Y\. 

Of course, we are interested in the case where T = T/v is no longer fixed, 
but varies with N, more precisely Tjv — ► oo as N — ► oo. It is then easy to 
see that Ct n — ► 0. However, if it happens that Ct n VN — > oo as N — > oo, 
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one may hope that equation (3.3) still holds with T replaced by Tjv- This is 
indeed true, as we are going to show. To determine the asymptotic behavior 
of Ct, the following lemma is useful. 

Lemma 7. Fix 5 > 0. Then, as T — > oo, 

(3.4) Qt(<K8,T)) = V 1 " e- 2 ^.°°)e- c ' T (l + o(l)), 
w/iere c 5 = 0(5, oo) + log(l + y/l - e" 2 ^^ 00 )) /reco// 

This shows that the condition Ct n VN — > oo as N — > oo is equivalent to 
Tjy — l0 g ^ — ► — oo, which is exactly the hypothesis of part (i) of Theorem 2. 
As we mentioned, in this case, we show that (3.3) still holds, so 

(3.5) Y N » C Tn ^/N~ C*e~ CsTN/2 VN under 7?$ iTjv as iV -c oo, 
with C* = ^2e 5 Vl-e- 2 ^ S '°°\ 

rp 

Now, let us return to Sn. By definition, we have Sn = T/v • + 

O(Tjv) and, from equation (1.7), we get Ln : t n ~ ciV, with c = 0'(o", oo) > 0. 
Moreover, as was already mentioned, the law Vs,t n can be replaced by the 
original polymer measure Pjyx without changing the asymptotic behavior. 
Together with (3.5), these considerations yield 

S N w TV • ^ ~ C s (e- c * TN / 2 T N )y/N under as iV ^ oo, 

where C 5 := C*^ = \j2e s ^'(6,oo)y/l - e" 2 ^ 00 ) . Note that this accords 
exactly with the result of Theorem 2. 

Proof of Lemma 7. We can rewrite the second relation in (A. 3) as 

Q l T (\) = v 7 ! - e~ 2A • e"^ T 

(3.6) i 

' 1 + ((1 - Vl - e- 2A )/(l + Vl - e" 2A )) T ' 

where cx := A + log(l + Vl — e~ 2A ). We have to replace A by </>(<5, T) in this 
relation and study the asymptotic behavior as T — ► oo. 

Observe that <f>(5,T) and <f>(5, oo) are both strictly positive since <5 > 
and, moreover, <j)(8,T) — ► 0(5, oo) as T — > oo (see Remark 2). This easily 
implies that the last factor in the right-hand side of (3.6) is 1 + o(l), hence, 
as T — ► oo, 



Q^(4>(5,T)) = yj 1 - r^Me"««W T (l + o(l)). 
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To prove (3.4), it remains to show that c^t^T = cgT + o(l) as T — ► oo. 

Since c$ = cm,oo)> this follows once we show that \(f)(5, T) — 4>(S, oo)| = o(^). 

To this end, we fix e > such that (ft(5, T) > e for every T. By equation 
(A. 4), there exists k = n £ > such that, uniformly for A G [e, oo), 



Q T (X) = l-^l- e -2\ + (e~ KT ) (T-oo). 

Recalling that Qoo(A) = 1 — \/T — e _2A and that, by Theorem 1, e _<5 = 
Qt(4>(6,T)) = Qoo(4>(S, oo)), we obtain 

Qoo^J, T)) - QooMS, oo)) = 0(e- KT ) (T -> oo). 

Since Qoo(A) is continuously differentiable with nonzero derivative for A > 0, 
it follows that 4>(5,T) — (f)(5, oo) = 0(e~ KT ) and the proof is complete. □ 

3.2. Preparation. We start the proof of Theorem 2 by rephrasing equa- 
tion (1.13), which is our goal, in a slightly different form. We recall that 
T/v — - logiV — > — oo as N — > oo or, equivalently, e~ CsTN N — ► oo, and that, 

by construction, |SV — ^Lnt '^M < ^iV- Therefore, equation (1.13) is equiv- 
alent to the following: for all a; € R, 

(3.7) lim P T N N J ^ n ' Tn <x) = P(A/(0, 1) < x), 

where 

(3.8) C 5 = J 2e s <p'(5, oo)^/l - e - 2 M~). 

Recall the definition (2.9) of the renewal process (t,Vs,t)- For 5 > and 
Tg 2NU{+oo}, we set 

(3.9) s T := , 7 r € (0,oo). 

Differentiating the relation Qt{4>(o~,T)) =e~ s , one obtains <f)'(5,T) = —e~ s / 
Q' T (<p(6,T)) and, by direct computation, 

^,T(n)=e 5 E ri ^( n ) e " </,(,5 ' T)n 

(3.10) 

= - e 5 Q' T (0(5,T)) = — — VT G 2N. 

In particular, (j>'{5, oo) = Sqo. Recalling Lemma 7 and setting := ((/>(6, 
Tat)) for conciseness, we can finally restate (3.7) as 



(3.11) lim pjfJ Ln 7, <x)=P(M(0,1)<x), 
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which is exactly what we are going to prove. This will be achieved in four 
steps. We stress that the assumption Tjv — ^MogiV — ► — oo as N — > oo is 
equivalent to Qt ' N — > oo. 



3.3. Step 1. In this step, we consider the auxiliary renewal process of 
law Vs,t n an d prove that, for x G R, 



<x =P(M{0,l)<x). 



(3.12) lim Vs,tJ r^r— 

Under the law Vs,t n , (ei » • • • j £zv) are symmetric i.i.d. random variables 
taking values —1,0, 1. Therefore, they satisfy 

(3.13) £ 5:TN (\e 1 \ 3 )=£ 5 ,T N ((ei) 2 ) = 2e 5 Q l TN 
and we can apply the Berry-Esseen theorem, which gives 



(3.14) 



V5,T N 



Y N 



a$(N,T N ) 



<xj- P(Af(0, 1) < x) 



< 



3gg,r„(M 3 ) 
3 



2e s Q^N 



Since Q\ N ' N — ► oo by assumption, equation (3.12) is proved. 

3.4. S"iep 2. In this step, we prove that, for i£R, 
(3.15) 



lim Vs,t n ( n " 1 <x)= P(M(0, 1) < x). 



A' 



The idea is to show that ~ Soq 
the following lemma. 



N and then to apply (3.12). We need 



Lemma 8. For every e > 0, there exists Tq = To(e) £ N such that 

Ln 



(3.16) 



lim sup Vst 

N^oot>T 



N 



> e 



0. 



Proof. Lemma 6 yields st — ► Sqo as T — ► oo [we recall the definition 
(3.9)]. Therefore, we fix To = Tq(e) such that |soo — st\ < | for T > To and 
consequently 



20 F. CARAVENNA AND N. PETRELIS 

Setting £j = n — Tj_i and = — — , by Chebyshev's inequality, we get 

?V f > s T + ej = ^,r(TL( aT+6 )j\rj < 



< 



^5,r I -£i ?[(s t +e)jvj 

4(s r + g)^,r(fi) 
e 2 iV 



> 



By Lemma 6, both the sequences T ^> st and T i— > f^T^i) are bounded 
and therefore the right-hand side above vanishes as N — > oo, uniformly in 
T. The event {-^r < st — e} is treated with analogous arguments and the 
proof is then complete. □ 



We set 



Y 



+ 



Yl n -Y { 



'Tjv j 



2e & Q 1 TN N 



-: Vn + Gn- 



Step 1 [see equation (3.12)] implies directly that Vn converges in law to 
■A/"(0, 1). Therefore, it remains to prove that Gn converges in probability to 
0. For rj, e > 0, we write 

V s ,t n (\Gn\>v) 
(3.17) <V s ,tJ\G n \>V, 



Ln 
~N~ 



<r s ,T N (u^ N > v ) + v s ,T K 



<S)+P S ,T N 

Ln 
N 



Ln 
~N~ 



> £ 



> £ 



3.5. Step 3. This is the most delicate step, where we show that one can 
replace the free measure Vs,t n by the constrained one, Vg,T N (-\N E r). More 
precisely, we prove that, for 

Yl n 



lim V s ,t n 

JV— +oo,iV even 



(3.18) 



2e 8 Q 1 T N 



< x 



iVGr 



P(JV(0,1) <x). 



We note that one can safely replace Ln with L N _^^jr^^ in the left-hand 
side because Yr , differs from YV.. by at most ±1. The same is true 

for equation (3.15), which we rewrite for convenience as follows: 

Yl. 

(3.19) 



L T L f? <x)=p(M(o,i)<x). 
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By summing over the locations of the last point t in r before N — [V^ivJ an d 
of the first point r in r after N — [v^TivJ > an d using the Markov property, 
we obtain 

Yl. 



Vs. 



< X 



I N 



iVer 



1 



V 5 ,T N (Ner) 

A^Lv^Ji+Lv^J 



E E ^ 



t=0 



r=t+l 



<x,JV- LV^VJ - t€T 



• V s ,t n (ri = r) • TVjv (t + L v/^Vj - r 6 r) . 

Introducing the function 

EttKF J (ri = r) • Vs, Tn (t + [VTn\ - r e t) 



e«,iv(t) : 
we can write 



n,T^ (iV G r) • 1+1 V s ,t n (n = r) 



Y L 



< X 



(3.20) 



E ^ 

t=0 



N £ T 



,J2e 5 Q^ N N 



<x,N- [VT^\ -t€T 



■v 5 ,T N (Ti>t)-e 5 , N (t). 



Note that if we set &s,N(t) = 1, the right-hand side of the last relation be- 
comes the left-hand side of (3.19). In fact, @s,N(t) is nothing but the Radon- 
Nikodym derivative of the conditioned law Vs,t n {'\^ £ t) with respect to 
the free one Vs^t n - We are going to show that @s,N(t) — ► 1 as N — ► oo, uni- 
formly in the values of t that have the same parity as [v^JvJ [otherwise, 
®5,Ar(i) = 0]. If we succeed in this, equation (3.18) will follow from (3.19). 

Let us set K^{n) := Vs,t n (ti = n) and UN(n) := Vs,T N {n G 7") so that we 
can rewrite ©5 jv(t) as 



(3.21) 0* )JV (t) := 

We recall that 



~-t+l 



K N {r)-u N {t+[^T N ~\-r) 



u N (N)-J2Zt + iK N (r) 



K N {n) 
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[see (2.9)] and (/t( - ) is defined in (2.4). We are going to show the following: 

for every e > 0, there exists Nq = Nq(e) such that for every N > Nq and for 
all values of t < N — [v^vj that have the same parity as [VTjvJ , we have 

(3.22) 1 - e < Q 5 , N (t) < 1 + e. 

The proof of this step will then be complete. First, we need a preliminary 
lemma. 



Lemma 9. For every rj > 0, there exists N± = N\(rj) such that for every 
N>Ni and for allO<t<N - L\/?7vJ , we have 

oo /t+lVTNi/2 \ 

(3.23) E K N (r)< V -i £ K N (r)\. 

r=i+|y7yj/2 V r=t+l I 

Proof. First, we observe that, by the explicit formulae in (A. 7), the 
following upper bound holds for every T, n E N with n > 2: 

[(T-l) /2J 

max{$(n),2«£(n)}<| £ cos"" 2 (^) sin 2 (^) . 
We can bound the left-hand side of (3.23) as 

oo oo 

E K N (r) < e S e -^,T N )it+lVT^l/2) J- q TN {r) 
and, since qrir) = Qri 7 ") + 2g-(r), we have 

L(T*-1)/2J 



oo oo / 9 LC J iv — 1 

E ^w<2 E hF- E 



=i+LVT^J/2 r=t+Lv^FJ/2 



cos — — sm 



■N 



4 L(Tjv ^ )/2j ^(WTjv))*-^^]/ 2 2 /Try 
— E = • — sm 



T N ^ 1 - cos(ttu/T n ) \T n 

-tjv 2 V vtw/ 

where we have used the fact that sin 2 x/(l — cosx) = 1 + cosx < 2 for x G 
(0, §]. Therefore, 



22. „ ,,„ m _ / / vr \\*-2+L\^7J/2 

TV, 



E K N (r) < 4e s e~< 

r=t+Lv^JvJ/2 

(3.24) 



7T 

COS I 
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Next, we bound from below the right-hand side of (3.23): 

E K N {r) > e*e-^>^\ q ° TN (t + 1) + 4 N (t + 2)). 

r=t+l 

One of the two numbers t + l,t + 2 is even — call it We can then apply 
equation (A. 7) to get 

[(T N -l)/2\ 

Ijv \Tn J \Tn 

hence 

(3.25) ^ A ^W^ e5e " 0(5 ' TiVHt+2) ^ cos '(^) sin2 (^)- 
The ratio of the right-hand sides of equations (3.24) and (3.25) equals 



2Tjye" 



-^IVH | VT^| /2-2) (cOs(7T/rAr)) l^/ 2 ' 2 

sin 2 (7r/TAr) 



< _(T Ar )3 e -0(5,T J v)-(Lv / TWJ/2-2) > 
7T 2 

Since the right-hand side no longer depends on t and vanishes as N — > oo, 
the proof is complete. □ 

Let us return to the proof of (3.22). We first observe that, thanks to 
Lemma 5, for every rj > 0, there exists N2 = A^(^) and that for all N € N 
and all r > N2, r even, we have 

(1 - ?7)2soo < un(t) < (1 + ??)2soo 

[soo is defined in (3.9)]. Henceforth, we assume that t has the same parity as 
Lv^T/vJ • Then, if N is large, such that [x/^vj /2 > N2, we can bound &s,N(t) 
[recall (3.21)] by 

and, if TV > Ni, we can apply Lemma 9 to obtain 

ei , w ( ( )<l±i±M?^)< 1+£ , 

1 — 77 
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provided that rj is chosen sufficiently small. Therefore, the upper bound in 
(3.22) is proved. The lower bound is analogous: for large N, we have 

S ' N " (l + r/)2 S ooE*t^ J/2 ^(r)+E;t^/ 2+ i^(0 
and, again applying Lemma 9, we finally obtain 

provided rj is small. Recalling (3.20) and the following lines, the step is 
completed. 

3.6. Step 4- In this step, we finally complete the proof of Theorem 2(i), 
proving equation (3.11), that we rewrite for convenience: for every x S R, 

(3.26) lim P Tjv 



Y, 

N,S 



L , n ' Tn <x)= P(M(0, 1) < x). 



We start by summing over the location hn '■ = t l^ t °f ^ ne ^ as ^ point in 
t Tn before N (we henceforth assume that N is even): 

m / Y 7 N \ N rr, / Y 7 N 

P^f ^< I= y P 4 L »*» < xm = N-£ 

'W^/ ) to N ' & y^2eiQ\ N N~ 

■V%{ m = N-l). 

Of course, only the terms with I even are nonzero. We start by showing 
that we can truncate the sum at a finite number of terms. To this end, we 
estimate 

„T N( AT C s E(exp(^,(g))l {jV . teT} ) • P(ri > t) 

N ' S E(exp(2T^(S))) 

We focus on the denominator: inserting the event {N — i£ r} and using the 
Markov property yields 

E(exp(tf^(S))) > E(exp(^ 5 (5))l { ^ eT} ) • E(ex V (Hjj(S))), 

hence 

^ ( ^" j " E(exp(<-(5))) " E(exp(^(5))) " Zft 

where we have used the elementary fact that E(exp(Hf s (S))) > E(exp(fl^(S'))) 
for every T G N; see (1.1) and (1.3). Note that the right-hand side above no 
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longer depends on N and that Zf & x exp(</>(<5, oo) ■£) as £ — > oo, where x de- 
notes equivalence in the Laplace sense; see [12]. Since oo) > for S > 0, 
it follows that for every e > 0, there exists £o = ^o(^) such that for every 
N £ N, we have 

iV 

(3.27) Yl F T N N 5^N = N-£)<e. 

£=i +l 

As a consequence, we have 



AT,<5 



<£. 



< x 



< x 



HN = N-£yP T N N s (fi N = N-l) 



Therefore, to complete the proof of (3.26), it remains to show that for 
every fixed feNU{0}, 



(3.28) lim 



N^oo 



Y 



<x 



J^j2e t >Q 1 T N 



m = N-£\= P(M(0, 1) < x). 



However, this is easy. In fact, on the event {^m = N — £}, we have Y L 



Y L ^ t T and, by the Markov property, we get 



T N 



<X 



s^J2e*QlN 



N,S 



Y 



H N = N-£ 



< x 



s^J2e d Q'N 



N-£er 



However, arguing as in Section 2.2 [see, in particular, (2.13)], we have that 



N,5 



Y, 



Tn 

r ^N-e,T N 



<x 



^2e 5 Q^ M N 
V 8,T N 



< x 



s 0O J2e 5 Q 1 TM N 



N-££t 



Therefore, (3.28) follows easily from (3.18). 
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4. Proof of Theorem 2(ii). This section is devoted to the proof of part 
(ii) of Theorem 2, which, in a sense, is the critical regime. We stress that 
5 > is fixed throughout the section. The assumption in part (ii) is that 
the sequence (TjvW is such that T^i — — > £ along a subsequence N' , 
where (6R (the reason for considering only a subsequence is explained in 
Remark 1). However, for notational convenience, in this section, we drop the 
subsequence and assume that for some £ S ffi, as N — > oo, 

logiV 

T/v > C or i equivalently, 

(4.1) 



<2tw • N — > V 1 _ e- 2 ^°°)e" c * <: , 

where we have used Lemma 7 and we recall the shorthand := Qt n {4>{^i Tn)) 
introduced in the previous section. 

We recall that the variables (£j, Tj)j>i are defined under the law T^t^ 
[see (2.8)]. We now introduce the successive epochs (9i)i>o at which the jump 
process changes interface, by setting 9o = and, for j > 1, 

(4.2) 0j := inf{m > Bj-\ : 3i S N such that n = m and |ej| = 1}. 
The number of these jumps occurring before time N is given by 

(4.3) L' N := sup{j > : % < N} = #{i < L N : \e t \ = 1}. 

Note that 9 C r, where, as usual, we identify = {#n}n with a (random) 
subset of NU{0}. 

We split the proof into three steps. 

4.1. 5fep L We start by proving that under Vs,T N , the variable Ljy con- 
verges in law to a Poisson law of parameter t$£ with t§£ := 2e <5 -\/l — e -2 ^ 5 ' 00 ) '0' '(<5, oo) • 
e _c ' 5 '', that is, 

(4.4) Jim Vs,t n (L' N = j) = e"*« Vj £ N U {0}. 

We note that {|£j|}j>i under "P^t^ is a sequence of i.i.d. Bernoulli trials 
with success probability given by 

(4-5) p Tlf :=P s ,T N (\ei\ = l) = 2e 5 Q^ If . 

We also set 

A:=inf{i>l:|ei| = 1}. 
Note that {9j — 0j—i)j>i are i.i.d. random variables. Moreover, we can write 
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We now study the asymptotic behavior of 6j and, by (4.3), we derive that 
of L' N . The building blocks are given in the following lemma. 



Lemma 10. The following convergences in law hold as N — > oo, under 
Vs,t n • 

£a A-1 
(4.6) ~ 



Exp(v s ), 



1 



A-1 



A - 1 S & 



£<5,oo(£l), 



where vg^ := 2e 5 \/l — e 2 </>(<5,oo) e c 5 c anc / Exp(A) denotes the exponential law 
of parameter X, that is, P(Exp(A) E da;) = Ae~ Ax l{ x > }dx. 

Proof. For the first relation, it suffices to show that £s,t n (£,a/N) van- 
ishes as N — > oo. By definition, the variable £a gives the length of a jump 
conditioned to occur between two different interfaces, namely, £a has the 
same law as £i, conditionally on the event {|ei| = 1}. This leads to the 
following formula [see (2.8)]: 



(4.7) 



( ^ 



1 



Qt n 



N 



-<f>(S,T N )n 



n=l 



By (4.1), Q\< N — > d > as N — ► oo and, for every fixed n > 1, we observe 
that, plainly, g- (n) — ► as iV — » oo [in fact, g-(n) = for T > n\. Since 
<j)(5,Tjs[) — ► (f)(S, oo) > as iV — > oo (see Remark 2), by dominated conver- 
gence, the right-hand side of (4.7) vanishes as N —> oo. 

For the second relation in (4.6), note that the variable A has a geometric 
law of parameter pr N , that is, for all j € N, 



n,T JV (A = j) = (l 



as N 



Since N ■ pt n — ► ^ c = 2eVl - e-^^e'^ as N -> oo [see (4.1) and 
(4.5)], it is well known (and easy to check) that A/iV converges to an expo- 
nential law of parameter v$ and, of course, the same is true for (A — 1)/N. 

Next, we focus on the third relation in (4.6). Since Vs t T N (A < v^V) - ► 
as N — > oo, by the result just proven, it suffices to consider, for e > 0, the 
quantity 



(4.8) 



1 



A 



A-1 



>e,A> v^/V 



j=[Wi 



0^, 



Z-l 



> e 



A = l 
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To evaluate the last term, we note that under Vs,T N ( m \^ = 0> the variables 
£1, . . . are i.i.d. with marginal law simply given by the law of £1, con- 
ditionally on the event {e± = 0} (which means that the jump occurs at the 
same interface). Denoting this law, for simplicity, by Vg T , we have, for 
n > 1, 



(4.9) 



1 S,T, 



n 



2e s Ql 

^ J-N 



4 N 



(n)e 



6 e -<P(8,T N )n_ 



By (4.1), we have 
inition, and 4>(5,Tn) - 



as n — > oo. Moreover, qj> 



in 



j(n), by def- 



oo) > 0, by Remark 2. These considerations 



yield, by dominated convergence, £s, Tn (£i) ->£,5,oo(£i) and Var£ Tjv (£i) -> 
Var5 ;00 (^i) as ./V — > oo. In particular, in the right-hand side of (4.8), we can 
replace ^,00(^1) by £gT N {£i) and e by (say) e/2, and we get an upper bound 
for large N. Applying Chebyshev's inequality, we obtain 



(4.10) V s ,t a 



1 



1-1 



> 



A = H < 



4Varg, TjV (ei 
e*(I-l) 



This shows that the right-hand side of (4.8) vanishes as N — > 00 and this 
completes the proof. □ 



By writing 

gi = A-l 1 y £a 

5=1 

and applying Lemma 10, we can easily conclude that 9\/N converges in law 
to an exponential distribution of parameter t§£ given by 

t s>c := vsx/Ss^fa) = 2e <5 V / l-e- 2 ^-)e- c ^ • <f>>(6, 00), 

having used (3.10). By independence, for every fixed j £ N, the variable 
0j/N converges to a gamma law with parameters (j,tg^), hence, by (4.3), 
the variable L' N converges to a Poisson law of parameter tg^. This completes 
the step. 



4.2. Step 2. In this step, we want to prove that under the law Vg,T N (' \N £ 
r), with N £ 2N, the quantity L' N still converges to a Poisson distribution 
of parameter tg^, that is, 

(4.11) lim p 5iTjv (L' iV =i|iVGr) = e- t «^^ VjeNU{0}. 

TV— >oo,A< even 7! 
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We start by elaborating a little on (4.4). Fix L G N and write, by the 
renewal property, 

N—L oo 

V 5jTN (rn(N-L,N] = 0)=J2 E u N (r)-K N (s-r), 

r=0 s=N+l 

where we recall the definitions itjv(n) := V$ t T N (n G r) and Kjy(n) := V$^t n ( r i - 
n). Since u N (r) < 1 and K N {n) < e s e -<KS,T N )-n [ gee (2.9)], and since (p(5,T N ) - 
(j)(5, oo) > as iV — ► oo (see Remark 2), it follows that 

N—L oo 

Vs,T N (rn(N-L,N] = 0)<e 5 J2 E e~^ T ^< s ^ 

(4.12) 

< C ■ e~ c '- L , 

where C, C are suitable positive constants depending only on 8. This means 
that the probability of the event {r n (N — L, N] = 0} can be made arbi- 
trarily small, uniformly in N, by taking L large. It is then easy to see that 
equation (4.4) yields the following: for all e > and j£NU {0}, there exist 
A^o, Lq such that for all N > Nq and L> Lq, we have 

V 5 ,T N (L' N =j\Tn(N-L,N}^0) 

(4-13) 

v- r- 

Next, we show that equation (4.11) follows from (4.13). The idea is that 
conditioning on the event {r n (N — L,N]^ 0}, that is, that there is a 
renewal epoch in (N — L,N], is the same as conditioning on {N — i E r} 
for some i = 0, . . . , L — 1 and the latter is essentially independent of i. More 
precisely, we have the following lemma. 

Lemma 11. For every i G 2NU {0}, the following relation holds as N — > 
oo, with N G 2N: 

(4.14) V 5 ,t n {L'n =j\Ner) = V s ,T N ipN-i = j\N - i e r) + e^N), 
where £i(N) -^0 as N — > oo. 

Proof. Note that {L' N = j} = {0j < N, 9 j+ i > N}. First, we restrict the 

expectation on the event {6j < N — VN}, which has almost full probability. 
In fact, for fixed i G 2N U {0}, 

V s ,T N (L'N-i =j,9,>N-VN\N-ieT) 

(4.15) 

< n,T jV (iV-v / iV<g i <iV) = ( ) 
Vs,T N (N-ie T ) { ' 
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as A — ► c<3, N G 2N, because Oj/N converges as N — > oo to an atom-free 
law (in fact, to a gamma law) by Step 1 and, by Lemma 5, Vs,t n (N — i G 
r) — ► 2/m(6, oo) > as A — ► oo. Specializing (4.15) to i = 0, we can therefore 
write as TV -> oo, TV G 2N, 

TV* (^jv = j|JV € r) = n, Tjv (i'jy = 3, 0j<N-VN\Ner) + o(1) 

= P*,t w (0j < A - %/iV, > A| A G r) + o(l). 

The renewal property then yields 

V s ,T N {L' N =j\Ner) 



(4.16) 



S ^ ( ^ = r) TWiVGr) + °«- 



We now study the term Vs t T N {&i >l,l€r). We have 
V s ,T N (0i>l,leT) 

(4.17) x: n^(*i-ti-!)e-^^-^ 

fc=10=:t <ti<--<i fe =Zj'=l 

0=:<o<ti<--<tfe=«i = l 

where we have set, for n G N, 

(„) : = e 5 q° TN (n)e-^ S ' T ^ + ^> n 

and we fix < such that XineN K-n ( n ) = 1> that 1S > Qt n (^(^ ^Jv) + u n) = 
e -5 , which is always possible because Q%{\) diverges as A j. A^; see Ap- 
pendix A. Denoting by V$ T the global law of r, when the step distribution 
is Kft(n), we can rewrite (4.17) with I = N — r as 

(4.18) TV* (01 >N-r,N-rer)= . pO^jy — r G r). 

Plainly, as oo, we have qr N { n ) ~~ * Qoo( n ) for every n G N, where we 
recall that qoo(n) is the return time distribution for the simple random 
walk; see Section 2.2. Hence, z/jy — ► and ifjy(n) — > Vs,oo(n Sr) as #^oo. 
Then, a slight modification of Lemma 5 shows that, for any fixed r G 2N, 
Vg T {N — r G r) — ► 2/m(5, oo) > as A — > oo. Then, in equation (4.18), we 
can replace A by N — i, any fixed i G 2N, by committing an error which is 
o(l): more precisely, as A — > oo, with A G 2N, 

Vs,T N (0\ > A -r,A - r G r) = T s ,t n (0i > N - i - r, N - i - r £ t) + o(l). 
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Returning to (4. 16) and replacing Vs,t n (N G t) by Vs t T N {N — i G r) , we can 
write 

% w = j|iV G r) = n, Tjv (L^ = j, 9 j < N - VN\N - i G r) + o(l) 
= p8, Tlf { L N-i = il^V - i G r) + o(l), 
where the second equality follows by (4.15). The proof is complete. □ 

Let us return to (4.13). We write the event {r n (N — L,N] ^ 0} as a 
disjoint union 

L-l 

{rn(N-L,N}^0} = (J Ai, 

(4.19) 

^ := {iV - z G r, N - k (£ r for < k < i}, 

that is, N — i is the last renewal epoch before N. We can then write the 
left-hand side of (4.13) as 

Vs,T N (L' N = j,rn(N-L,N}^0) 

(4.20) 

= E ?W£W =ilA) • twa)- 

Note that Vs,T N (L' N = j\Ai) =Vs,T N {L' N _ i = i|A) because L'^ = L' N _ { on 
the event *4.j. The next basic fact is that, by the renewal property, we have 

V s ,t n {L' N -i =j\Ai) = Vs,t n (L' N _i = j\N-i€r) 

because the event {L' N _ i = j} depends only on r D [0, N — i]. Therefore, we 
can apply Lemma 11 and rewrite (4.20) as 

V s ,T N (L' N =j,m(N-L,N}^0) 
(4.21) =Vs,T N (L' N =j\N £r)^%(i,)J + o(l) 

= V S ,T N {L' N =j\N G r) • V 5 ,t n {t n(N-L,N}^0) + o(l). 

However, by (4.12), the term Vs,t n (t H (N — L,N}^ 0) is as close to 1 as 
we wish, by taking L large. Combining (4.13) with (4.21), this means that, 
for every j G N U {0} and for N sufficiently large, we have 

j! 3 
Since e is arbitrary, (4.11) is proved and the step is completed. 



Vs,t n (L' N =j\Ner)e[ e"^ i^L - 2e, e"*« + 2e ) . 



32 



F. CARAVENNA AND N. PETRELIS 



4.3. Step 3. In this last step, it remains to prove that for all e > and 
all jGNU{0}, 



(4.22) 



lim ?Tn (Sn {j 

AT^oo N ' S \T N U 



eJ + e])=P(S r =j) 



where T is a random variable independent of the {S*j}i>o and with a Poisson 
law of parameter tg£. 
Let e > and set 



(4.23) 



V e (N) :-- 



SN ^ r . . . - 



Our goal is to prove that for all rj > 0, we have V e (N) < r] when N is large 
enough. We let V{N, I) be the set r Tjv D[N-l,N] and it is useful to recall the 
result obtained in (3.27), that is, that there exists £q = £o(rj) such that for 
every N > £q, we have P^ N S (V(N,£ ) = 0) < rj/4. Therefore, with N large 
enough, we obtain 



■pTjv 
^N,8 



G [j-e,j + s],V(N,£ o )^0 



-P(S r =j)P T N N s (V(N,£ o )^0) 
With some abuse of notation, we still denote by 9j and L' N the variables on 

rp 

the S space defined by (4.2) and (4.3) with r, replaced by r { N and £j by 
eJ N (in particular, L' N := #{z < L^,t n '■ \zJ N \ = !})• Then, note that on the 
event V(N,£q), we have \S]y — Sg , I < A)- Moreover, for all iV > 1, we have 

L iV 

, /T^r G Z. Therefore, assuming that e has been chosen small enough, we 

L N 

obtain, for N large enough, 



N,8 



(4.24) 



S 



^e[j-e,j + e],V(N,£o)^0 

J-N 



N,5 



Se T , 



-j,V(N,£ o )^0 



We can rewrite the right-hand side of (4.24) by using, for i G {0, 
sets Ai introduced in (4.19). This gives 



£o}, the 



(4.25) 



lo 

i=0 



■■j,V(N,£ o )^0 



N,S 



Se T , 



»4 , 



(A). 
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VtS (-\Ai) = P T N %-\N -i€r) = Vs,tM n " * e r). 



Hence, we can rewrite (4.25) as 



(4.26) 



Se T , 
lo 

i=0 



S() L> 



N-ier)P T N N s (Ai). 



Thus, the proof of this step will be complete if we can show that, for all 

ie{0,...,4}, 



lim Vs,t n 

N— >oo 



L N- 



3 



N — i £ t \ = P(Sr = j) 



This is proved once we show that, for all (v,j) G NU {0} x Z, 
(4.27) lim Vs,t n f^v-i = ^ = 3 W - « G A = P(r = u)P(S„ = j 



TV 



We can rewrite the left-hand side of (4.27) as 



(4.28) r s ,T N [^ 



N-i 



v,N -i£T)-V5 )TN { L 'N-i = v\N -i€r) 



and it is easy to figure out that the process (S^/Ijv^eN is just the sym- 
metric simple random walk on Z and is independent of (L' N _ i ,r). Therefore, 
the first factor in (4.28) equals P(Sj = v) and then Lemma 11 and equa- 
tion (4.11) are sufficient to complete the proof. 



5. Proof of Theorem 2(iii). In this section, we prove part (iii) of The- 
orem 2. The parameter 5 > is fixed throughout the section and the as- 
sumption is that the sequence (Tn)n is such that T/v — -^r^ ~~ > +°° or > 
equivalently, 

(5.1) Q^.N^o (iV^oo), 

where we have used Lemma 7 and we recall the shorthand Qt n := Qt n (^(^> Tn)) 
introduced in Section 3. The goal is to prove equation (1.15), that is, that 

rp 

the law of Sn under P^ is tight. 

In analogy with the previous sections, we start working under the law 
T^S,T N • We show that the polymer of length N does not visit any interface 
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other than the one located at S = 0, that is [recalling (4.2) and (4.3)], L' N = 
0. Note, in fact, that 

L N N/2 

{L' N > 1} = {0i < N} = \J{\ £i = 1|} C [J = 1|} 

i=l i=l 

because, plainly, < N/2; recall (3.2). Hence, the inclusion bound yields 

N 

V 5 ,t n {L' n >1) < -■V s ,T N (\ei\ = l) = e s NQ 1 TN 

(5.2) 

— >0 (N-kx), 

where we have used (4.5) and (5.1). With the same abuse of notation as 
in the previous section, we also denote by L' N the variable on the S space 

defined by L' N := #{i < Ln,t n ■ \^J N \ = 1}> so that applying (2.13), we get, 
as N — > oo with N G 2N, 

P T N N s(L' N >l\S N € T N Z) = V 5 ,t n (L' n > 1\N G r) 

(5.3) 

^ Vs,t n (L' n >1) 
~ V 5:Tn (Ngt) 

having applied (5.2) and Lemma 5. 

Now, set \S n \* := max <fc< n and observe that equation (5.3) can be 
rephrased as 

P^d^r >T n \N£t Tn ) — >0 (iV^oo,iVG2N). 

We want to remove the conditioning on iV G t Tn . To this end, we let /xjv : = 
rl N 

denote the location of the last point of r Tjv n [0, N\. Let us recall 
equation (3.27), which holds whenever 5 > and which can hence be applied 
here: for every e > 0, there exists £q such that P^ JV (5 (/iAr < N — Iq) < e for 
every N G N. Therefore, 



(5.4) 



P T N %\S N \*>T N ) 



■ £ P^d^l* > T N \m = N- £)P T N %m =N-£) 

1=0 



<e. 



However, on the event {^v = N — £}, we have \Sjy\* > T/v if and only if 
\SN-e\* > Tn- Moreover, {15^-^1* > T/v} = {L' N _ e > 1}, hence, using the 
Markov property and (2.13), for t even, we get 

Pl N s(\S N \*>T N \fi N = N-£) 

= P T N %L' N _ i >l\N-£Gr T n 

= V s ,T N (L' N . i > l\N-£er) — >0 (N -^oo,N G2N). 
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Then, equation (5.4) yields, for TV sufficiently large, 

P T N %\S N \*>T N )<2e. 

We can finally prove that Sn is tight. Denoting by £/v a quantity such 
that |£/v| <2e for N large, we have 

P T n n s(\Sn\ >L) = V T n %\S n \ > L, \S N \* < T N ) + £ N 

<Vl%»N<N-L)+£ N , 

where the inequality follows by the inclusion bound since {|<SW| > L, \ Sn\* < 
Tn} C {/iTv < N — L}. Then, again by (3.27), if L > £q, we have, for large 
N, 

P T N N s (\S N \>L)<3e. 
Since e > was arbitrary, it follows that 

lim supP^d^l >L)=0, 

hence (1.15) is proved and the proof is complete. 

APPENDIX A: COMPUTING Q£(A) 

The computation of Q^p(X) and Q^(X), defined in (2.4), is a classical 
problem; see [10], Chapter XIV. For completeness, here, we are going to 
derive explicit formulae for Qt(\) and Qy(A), using a simple martingale 
argument. We assume that T £ N (i.e., T < oo). 

For /i£C and n G N, we set 

pflS„ 

M n - 



(cosh n) r 



and observe that the {M n } n >o under P is a C-valued martingale (i.e., its real 
and imaginary parts are R-valued martingales) with respect to the natural 
filtration of the simple random walk {<Si}j. We will only be interested in the 
special cases when fi £ R or /i S (— f i, \ i) so that, in any case, cosh/i S R + 
and therefore the expression log cosh fj, is well defined with no need of further 
specifications. 

We denote by Pi the law P(-|<Si = 1) and note that {M n } n >i is a mar- 
tingale under Pi. Moreover, both tJ and \e± \ have the same law under P 
and Pi. The optimal stopping theorem yields ~E\(S t t) = Ei(Si), that is, 

e' J,T B 1 (- — — -ln £ T l=n ] +Ei(- — -j l/i,: 
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Defining, for notational brevity, Q l T := Q l T (log cosh fi), we can rewrite this 
relation as 



2e" T Q 1 T + Q° T 



cosh \i 

The analogous relation with /x replaced by —\l leads to the following couple 
of equations: 

2cosh(/xT)Q^ + Q^ = l, 

2 sinh(/iT)(5^ = tanh fi, 

which yield the solutions 

and for Qt(-) := Qt(') + %Qt(')i we nave 

cosh(^T) — 1 



(A. 2) Qt (log cosh fi) = 1 — tanh(/i) • 



sinh(^T) 



Setting A = log cosh//, that is, fx = A + log(l + Vl — e 2A ), we finally ob- 
tain 

Q° (A) = 1 - VT^- (l + VT^) T + (l-y^^) T 
TV ; (1 + sfl - e~ 2X ) T - (1 - vT= e" 2A ) T ' 

(A.3) 

O 1 (A) = 

V ; (1 + Vl - e~ 2X ) T - (1 - Vl - e~ 2X ) T 
and, therefore, 

Q T {\) = 1 - Vl - e~ 2A 

(A.4) 

(1 + Vl - e ~ 2A ) T + (1 - Vl - e- 2A ) T - 2e~ Ar 

(1 + Vl - e" 2A ) T - (1 - Vl - e" 2A ) T 

Note that when A < 0, we have = A + log(l + Vl — e _2A ) = i arctan V e~ 2A — 1, 
hence we can write, more explicitly, 

Ve~ 2A - 1 



QtW = i 

(A.5) Q^(A) 



tan(T arctan Ve 2A — 1) 
Ve~ 2A - 1 



2 sin(T arctan Ve 2A — 1) ' 



/ — — - 1 - cos(T arctan Ve 2A - 1) 
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Of course, these formulae break down if |A| is too large. This happens at the 

first negative zero of the denominator A = Aq\ where (Tarctan \J e~ 2X o — 1) = 
7r, that is, 

(A.6) A T := _l log ^ 1+ ^ tan ^ 2 ^ 

Note that as A j A^, both Qy(A) and Q^(A) diverge (they have a pole). Also, 
note that taking the limit A — > in (A. 3) or (A. 5), we get 

<#(o) = i-i Q 1 Ao) = ^ f . 

We conclude by noting that the probabilities q 3 (n) introduced in (2.4) can 
also be given explicit formulae. More precisely, by equation (5.8) in Chapter 
XIV of [10], we have, for all n > 2, 



(A.7) 




—T is even}. 
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